The critical state in a superconducting thin circular disk with an arbitrary magnetic field dependence of the critical sheet current, J c (B), is analyzed. With an applied field B a perpendicular to the disk, a set of coupled integral equations for the flux and current distributions is derived. The equations are solved numerically, and flux and current profiles are presented graphically for several commonly used J c (B) dependences. It is shown that for small B a the flux penetration depth can be described by an effective Bean model with a renormalized J c entering the leading term. We argue that these results are qualitatively correct for thin superconductors of any shape. The results contrast the parallel geometry behavior, where at small B a the B dependence of the critical current can be ignored. ͓S0163-1829͑99͒12541-4͔
I. INTRODUCTION
The critical state model ͑CSM͒ is widely accepted to be a powerful tool in the analysis of magnetic properties of type-II superconductors. For decades there have been numerous theoretical works devoted to CSM calculations in the parallel geometry, i.e., a long sample placed in parallel applied magnetic field, B a . More recently, much attention has also been paid to the CSM analysis of thin samples in perpendicular magnetic fields. For this so-called perpendicular geometry explicit analytical expressions for flux and current distributions have been obtained for a long thin strip 1,2 and thin circular disk [3] [4] [5] [6] assuming a constant critical current ͑the Bean model͒.
From experiments, however, it is well known that the critical current density j c usually depends strongly on the local flux density B. This dependence often hinders a precise interpretation of various measured quantities such as magnetization, complex ac susceptibility, 7, 8 and surface impedance. 9 It is therefore essential to extend the CSM analysis to account for a B dependence of j c .
In the parallel geometry extensive work has already been carried out, and exact results for the flux density profiles and magnetization, [10] [11] [12] [13] as well as ac losses 10, 11 have been obtained for different j c (B) dependences. In the perpendicular geometry the magnetic behavior is known to be qualitatively different. In particular, due to a strong demagnetization, the field tends to diverge at the sample edges, and the flux penetration depth and ac losses follow different power laws in B a for small B a . 1, 2 Unfortunately, the theoretical treatment of the perpendicular geometry is very complicated, and we are not aware of any explicit expressions obtained for the CSM with a B-dependent j c . However, it is possible to derive integral equations relating the flux and current distributions. 3 Such equations have so far been obtained and solved numerically only for the case of a long thin strip. 14, 15 In this paper, we derive a CSM solution for a thin circular disk characterized by an arbitrary j c (B). The solution is presented as a set of integral equations which we solve numerically. In this way we obtain the field and current density distributions in various magnetized states. We present results for several commonly used functions j c (B). A special attention is paid to the low-field asymptotic behavior.
The paper is organized as follows. In Sec. II the basic equations for the disk problem are derived. We consider here all states during a complete cycle of the applied field, including the virgin branch. Section III contains our numerical results for flux and current distributions as well as for the flux front position. A discussion of the results is presented. Finally, Sec. IV presents the conclusions.
II. BASIC EQUATIONS
Consider a thin superconducting disk of radius R and thickness d, where dӶR, see Fig. 1 . We assume either that dу, where is the London penetration depth, or, if d Ͻ, that 2 /dӶR. In the latter case the quantity 2 /d plays a role of two-dimensional penetration depth. 19 We put the origin of the reference frame at the disk center and direct the z axis perpendicularly to the disk plane. The external magnetic field B a is applied along the z axis, the z component of the field in the plane zϭ0 being denoted as B. The current flows in the azimuthal direction, with a sheet current denoted as J(r)ϭ͐ Ϫd/2 d/2 j(r,z)dz, where j is the current density. To obtain expressions for the current and flux distribution we follow a procedure originally suggested in Ref. 3 
where
Note that due to the similar form of the function J M (r,R) in Eq. ͑2͒ and the Meissner-state current in the strip case, 1,2 our weight function G(r,B a ) is also similar to that for a strip, see Ref. 14.
From Eqs. ͑5͒ and ͑7͒ it then follows that the current distribution in a disk is given by
This equation is supplemented by the Biot-Savart law, which for a disk reads, 3 B͑r ͒ϭB a ϩ 0 2 dx. The relation between the flux front location a and applied field B a is obtained by substituting Eq. ͑7͒ into Eq. ͑6͒, giving
For a given B a and for a specified J c (B) we need to solve the set of three coupled equations ͑9͒-͑11͒. In the case of B-independent J c , the Eq. ͑11͒ acquires the simple form
and Eqs. ͑9͒ and ͑10͒ lead to the Bean-model results derived in Refs. 4 and 5.
Note that the equations can be significantly simplified at large external field where a→0 proportionally to exp(ϪB a /B c ). Then B(r) is determined by the single equation
following from Eq. ͑10͒.
B. Subsequent field descent
Consider now the behavior of the disk as B a is reduced after being first raised to some maximal value B am . Let us denote the flux front position, the current density, and the field distribution at the maximum field as a m , J m (r), and B m (r), respectively. Obviously, J m (r), B m (r), and a m satisfy Eqs. ͑9͒-͑11͒.
During the field descent from B am the flux density becomes reduced in the outer annular region aϽrϽR, see and derive the relation between B (r) and J (r). For that one can use a procedure similar to the one described in Sec. II A. The only difference is that in the region aϽrϽR we now have to use J(r)ϭϩJ c ͓B(r)͔. In this way we obtain
where we define
Note that the function J c (r) depends on the coordinate only through the field distributions B m (r) and B (r). Instead of Eq. ͑9͒, the additional current satisfies
with the complementary equation
Furthermore, similarly to Eq. ͑11͒, we have
which completes the set of equations describing the remagnetized state. Again, for B-independent J c the equations reproduce the Bean-model results. 4, 5 If the field is decreased below ϪB am the memory of the state at B a ϭB am is completely erased, and the solution becomes equivalent to the virgin penetration case. If the difference B am ϪB a is sufficiently large then a→0 rapidly, and the critical state J(r)ϭJ c (r) is established throughout the disk. In this case the field descent is described by Eq. ͑13͒ with the opposite sign in front of the integral.
We emphasize that the expressions derived here ͑Sec. II A and B͒ are readily converted to the long thin strip case. This is due to the similarity of Eq. ͑2͒ and the expression for the Meissner-current in a strip,
where x is the coordinate across the strip. Thus, making in this paper the substitutions r→x, R→w, F͑r,rЈ͒→ 2xЈ
one immediately arrives at the set of equations valid for a thin long strip. In that case some of the integrals can be done analytically to yield the expressions obtained in Ref. 14. A difference between the derivation in Ref.
14 and the present one is that for decreasing fields we calculate only the additional field B (r) rather than the total field B(r). This allows us to use only one weight function ͑7͒ to calculate the flux distributions both for increasing and decreasing fields. This simplifies the numerical calculations significantly.
C. Numerical procedure
Given the J c (B) dependence, the magnetic behavior is found by solving the derived integral equations ͑9͒-͑11͒ numerically using the following iteration procedure. With B a increasing a flux front position a is first specified, and an initial approximation for B(r), e.g., the Bean-model solution, is chosen. At each step the nth approximation, B (n) (r), is used to calculate J (n) (r) from Eq. ͑9͒ and B a (n) from Eq. ͑11͒. They are then substituted into Eq. ͑10͒ yielding the next approximation, B (nϩ1) (r). The iterations are stopped when (R Ϫ1 ͐dr͓B (nϩ1) (r)ϪB (n) (r)͔ 2 )
1/2 р10 Ϫ6 B c . With B a decreasing, the same procedure is used to find first J m (r), B m (r), B am for a given a m . Then, Eqs. ͑16͒-͑18͒ are solved for a fixed a yielding the functions B (r) and J (r) and also the applied field B a .
III. FLUX AND CURRENT DISTRIBUTION

A. General features
In the numerical calculations we used the following dependences J c (B), Fig. 3͑c͒ . The Bean-model results are also plotted in Fig. 3 .
Several major deviations between the Kim and the Bean model can be noticed. In the Kim model we see that ͑i͒ the current J(r) is not uniform at aϽrϽR, it is minimal at the disk edge where ͉B͉ is maximal; ͑ii͒ the current has a cusplike maximum at rϭa since the magnetic field vanishes at this point with infinite derivative; ͑iii͒ compared to the Bean model, the B(r) profiles are steeper near the flux front, whereas the peaks at the edges are less sharp. Qualitatively similar results are obtained for the exponential model, see Fig. 4 . Also here, by changing the model parameters one can produce a variety of flux and current profiles which are quite different from the Bean-model predictions. When comparing the Kim and exponential model, however, it turns out to be very difficult to find clear distinctions. During field descent the B and J profiles become more complicated. For brevity we show only profiles for the Kim model with B 0 /B c ϭ3 and for the Bean model at different values of B a , see Fig. 5 . Again, the Kim model gives a nonuniform current density at rϾa. Contrary to the increasing-field states, the current density can now either decrease, or increase towards the edge depending on B a . Figure 6 shows profiles for fully-penetrated decreasingfield state. In the Bean model the current remains constant, while the profile of the flux distribution is fixed, although shifted according to the applied field. In contrast, the Kimmodel profiles are strongly dependent on B a . There is a peak in the current profile and an enhanced gradient of B(r) near the point where Bϭ0.
B. Flux penetration depth
To analyze quantitatively the role of a B-dependent J c let us consider the position of the flux front during increasing field. A circle with radius a then limits the Meissner region Bϭ0, and is also the location of maximum gradient in B. These features can be measured directly in experiments on visualization of magnetic flux distribution, e.g., magnetooptical imaging. 20 Let us first recall the CSM expression for the flux front location in a long circular cylinder in a parallel field,
At small applied fields, B a , it can be expanded as
where for a cylinder B c ϵ 0 j c0 R. Note that the B dependence of j c enters the expansion first in the second-order term. Consequently, for a long cylinder the low-field behav- ior of a is well described by the Bean model, where the penetration depth increases linearly with the applied field.
For a thin disk, the penetration of flux proceeds differently. In the Bean model the location of the flux front, Eq. ͑12͒, is for small B a given by
For an arbitrary B dependence of J c the expression ͑11͒ relating a and B a cannot easily be expanded in powers of the ratio B a /B c . The physical reason for this is the singular behavior of the magnetic field near the disk edge. There, the local field diverges at any finite B a , and an expansion of J c (B) in powers of B is not everywhere convergent. To clarify the behavior of the flux front we have therefore performed numerical calculations of the dependences a(B a ,B 0 ). Shown in Fig. 7 are the results for the Kim ͑up-per panel͒ and the exponential ͑lower panel͒ models. Note that the limit of large B 0 represents the Bean model. For small B a all the models seem to yield a parabolic relation between the penetration depth and the applied field. This is illustrated in more detail in Fig. 8 , where all the graphs in the log-log plot have a slope of 2 in the low-field region. We therefore conjecture that any B dependence of J c leads to the same quadratic law ͑24͒ as for the Bean model, although with different coefficients in front of (B a /B c ) 2 . The overall behavior of the penetration depth can be fitted well by the full form Eq. ͑12͒, provided one makes the sub- We believe that for many purposes a Bean-model description with an effective critical current is appropriate for thin samples of any shape, both in applied field and under transport current. Indeed, strong demagnetization effects always lead to a divergence of magnetic field at the sample edge. This implies that in the sample there is always present a wide range of B values up to infinity. As a result, the sample behavior is determined by the whole J c (B) dependence. In particular, the value J c (0) is not governing the magnetic behavior of thin samples, even when the applied field is very small.
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IV. CONCLUSION
A set of integral equations for the magnetic flux and current distributions in a thin disk placed in a perpendicular applied field is derived within the critical-state model. The solution is valid for any field-dependent critical current, J c (B). By solving these equations numerically it is demonstrated that both the flux density and current profiles are sensitive to the J c (B) dependence. In particular, compared to the Bean model, the B(r) profiles are steeper near the flux front, whereas the peaks at the edges are less sharp.
Since the local magnetic field at the disk edge is divergent for any value of the applied field, B a , a field dependence of J c affects the flux distribution even in the limit of low B a . Our numerical calculations show that the flux penetration depth at small fields has the same quadratic dependence on B a as for the Bean model, however with different coefficient. The overall behavior of the flux penetration depth is well described by the Bean-model expression with an effective value of the critical current. These results are believed to be qualitatively correct for thin superconductors of any shape. The behavior differs strongly from the case of a long cylinder in a parallel field, where the front position at low B a is not affected by the B dependence of the critical current density.
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